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. , Abstract

O AN 17

. ‘This technical report illustrates a procedural-netéorkfof skills

néeded to  sulve problemS/involving the addition and subtraction of

AT

decim;l fractions. The network is used to define an item characteristic
matrix of skills analys1s which is then used as the basis for
constructing error diagnostiic tests. “Several examples of.§tudent
response patterus aré 6§ed.to illustrate the construction 3? a few
selected items so that a test wili have both content ana construct-
&ali\dity,., -~ \ T |
: The report inclédes lists cf projected errors which are predicted
from'the nodes of the ﬁrocedural network or from ‘the coutent domain
relative skills;analysis. A prediction éf item dgmi;anée based on test
characteristics is compared with item’dominance detexrmined from an item
- relational structure (IRS) analysi? of pre-and posttests administered to
more than 100G, junior high school students.

7. ~
The report includes therproceduyal networko content domain relative
4

skills analysis, and complete tests fpr both addition and subtraction.

7
\J
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,gy/ . Introduction

. - ) ‘e . '
The assessment of ftudent achievement and the diagnosis of student

learning difficulties require the use of tests which have both content
- validity and construct validity. 1In order to determine uniquely studeat
"bugs” (assuming there are such errors), test items must be selected to
reflect the underlying“cognitive process used by most students. Error
diagnostic tests for whole number subtraction (Brown & Burton \T978) and
.for sigred—number arithmetic (Tatsuoka, Birenbeum, Tatsuoka, & Baillie
1980) have reporreJ’the successful diagnosis of hundreds cf erroneous '/
rules of computation. ’ r
ths repert i{lustrates procedures of itenm éonstructien for ad-"
dition and subtraction problems involving decimal fractions. Firstwe.
descrihe a procedural network .0f skills that are required to solve
decimal fraction arithmetic problems: Using that network, we deuelop
:’ an item characteristic matrix &f skills analjsis.that describes the "~ B

characteristics of the content domain (decimal arithmetic) by projected

\ student difficulties. HKoth the network and the content domain rélative

<

-

skills'analysis are used to describe the construction of a z4-item

addition test and a 24-ifem subtraction test (Appendix I). The content
domain relative ckills analysis is used to predict 1tem dominances tor
both addition and subtraction of" decimals. Also, the analysis was used
to predict relative problem difficulty among all items. Actual item '
dominances and relative item difficulties were determined using item
relational structure analysis (Tatsuoka and Tatsuoka, 1981).
Pre- and posttest'versions of each were administered to wore than

100 junior high school students over a period of two weeks. . After pre—
tests were scored, each student was provided with some remediation
geéred to. the particular "bugs" and to the student”s prior knowledge of
deciupl fraction arithmetic (self reported). ?‘Posttests were then

. administered., Although we Jid not haved control over several variables
such as prior knowledge or method of prior instruction, we can use ,the
results to suggest approaches to the construction of error-diabnostic .
tests and the remediation of student difficulties —- particularly those
which can be implemented as part of.computerized adaptive testing-
s¥stems which can be used in the-classroom. Our suggestions and
concerns are based on the test results, item dominance predictors, and

interviews with students who missed wore than 154 of the items.




h Student "Bugs" in Decimal Addition

The content domain of decimal fraction arithmetic is an appropriate
one for investigating initial efforts to computerize diagnostic tests
and remediation in that the number of student "bugs" 1s considerably
more limited than either signed-number or fractions arithmetié. For
this study we projected nine erroneous rules which are peculiar to _
decimal fraction addition and eleven for decimal fraction subtraction.
(We did not include erroneous rules which also belong to signed-number
arithmetic.) On the other hand, 88 erroneous rules yere projected for
fraction arithmetic (Klein, Birenbaum, Standiford, and Tatsuoka, 1981).
The use of decimal fraction arithmetic is also more convenient in thgt *
there are few problem types for which application of z "bug" results in
a correct answer. . " k T

As with other error diagnostic tests, the diagnosis of student
difficulties and the assessment of'student achievement requires more
than a single raw score, such as. percentage of correct items. It is
possible for several students to have identical scores yet’have difterent
degrees of seriousness of error, ouch as persistence or resistance to
remediation (Birenbaum & Tatsuoka, 1981; Klein, et al., 1981). !}

To illustrate, we!have constructed answers to.selected decimal
addition and decimal subtraction problems using "bugs"‘consistently
applied by junior high school students. On the addition “test" students
1 and 2 have the same percentage correct., Both have a single "bug."

Student 3, who has a higher correct percentage, has two "bugs.”

' Ny

L s Insert iable 1 about here

Student 1 applies the "multiplication” rule to deéermine the number
of decimal places in the sum. Problems are set up correctiy but the
decimal point in the sum is located by‘%dding the number of decimal
places in the - two addends. The only correctly answered items are those
involving whole numbers. . ‘ .

Studeut 2 applies the‘"right justification” rule in setting up the
problem. The addends are written so that the digits are aligned aiong
the right hand edge. The decimal is usuafiy placed in the answer

matching the addend with the greater numoer of digits to the right of

o




Table 1

Decimal Addition Test

' St;dent Answers
*] cé +3

Rl N IS ) L T

Item

! %

23+.5:.7 03]kl

e uwsz=te (e | as ] 36
: Y ) o ‘ |
0.83+0.5=133 | .33 %] 88| 133 o]

& | PERCENT CORRECT |, 252 | 25.2 | 507

R incorrect response

Nani=
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{
¢ the decimal. The only correctlylanswered items are those whose addends

have the same number of digits t%rthe right o% the Qecimal. T

Student 3 has two ."bugs.” The first is the "carry rule” applied to
problems whose sum of’ the tenth”s place is greater than dne. The "1"
carry is written to the right of the decimal , point only if the addends
do not haye an explicit whole number digit. Thus the student
fails to answer .6 + .8 but correctly deals with 0.83 + 0.5. The second
bug is the “whole number” errot “in which numbers with no éxplicit -
decimal points are aligﬂed along the right edge..

N N
Ingsert Table 2 about here

L4

!
The subtraction test illustrates three different student "buys"

which result, in this éase, in idéntical_;gat scores. Student l,equages
"more digits" with "larger number” which is always written as the
minuend. Also, the‘student right justifies the numbers. The decimal
point in the différepce reflects the placement in the'stdden;’s'“minuend."
Student 2 "brings down" numbers in the subtrahend if there are no
corresponding digits in the_g;nuqnd. This may be a carry over from
addition thinking that there is "nothing to do.“ This wili bé correct
when the minuend is longer (i.e., there~are no corresponding'dfgits
in the subtrahe:.d). 4
Student 3 borrows correctly except. acrcss the decimal point. 1In
those problems the student merely adds teu‘to,tﬁe tenth”s place without

- s v

qﬁjusting the gnits digit.
Problem Types ' ° . . .

* Prbbyem types were classified according to three dttributeS{
nuaber type, representation, and complexity. Number type was either
whole number (W) or decimal fraction (D). Representations included
implicit decimals (e.g., 3) or explicit decimal (e.g., 14.); Ieading
zeros. (e.g., 0.53) or trailing zeros (e.g., 6.30).' Couplexity indluaqd
carrf&ng or borrowing (especially "across the decimal point").

If we consider whole numbers (W) with implicit decimal points (WI)
and explic.t decimal points (Wg) and decimal £ractions (D) we can
identify nine addition problem types: Wg + Wg, Wp + Wy, Wg + Wp,

Wy + Wg, Wg + D, D +wE,,4wI + D, D + Wy, ana D + D.

' J . - 9 \\:‘ &
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Tab;e 2
l ]
Jecimal Subtraction Test

Student Answers
il *1 %P
A-.236 = 64 | 232 R 236 &

,H.€§~- b6 = 3.37 3.3 3.3

! - ' ' .
1.¢ - .367 =3.833 | .325 &

6.23 - 4 = 2.23°

4
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i incorrect response
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Since adoition is commutative, three pairs are identi?alt Wy + Wiyana
Wp + Wg; Wg + D and D + Wg; and, Wy + D and D + Wy.

In addition to the combinations of number types, we considered
representation and complexity. In an effort to -keep the deciwal tests
to a reasonable length, we limited our initial test jteas to problen ‘
types W + D (or D + Wy) and D + D but included various combinations of
representation and complexityJ This limited domain allowed us to test
combinations of critical attrjbutes of problem types as well as

- attributes related to procedure (see next section.) .

Nine different types of subtraction were also identitied: A = Wy,

Wg = Wi, Wp - Wy, Wp - Wg, Wg =D, D-Wg, Wy =D, D~Wy, D-D.

Since subtraction ls npt cummutative, all problem types are differeat.

As in the addition test, problems involving W were not included on the
test administered during\this stage of thsF\nvestigeticn. also, problem
type Wy - Wy was not included as representative of a decimal tesct.
Finally, care was taken to avoid problems which would yield a negative .

answere.

The Procedural Network

?

. ¢
There are several different methods for addinyg or Bubtracting
decimals. ThedéroceduraIZﬁEtwork is a representation ‘of different
algorithms whch can be used to solve different types of problems.

Figures 1 and 2 are procedural networks for aodition\aud subtraction

reSpectively -

Insert Figure 1 about here

)

v
Insert Figure 2 about here

\ L3

Five sided cells indicate that the petticular step in a pr6cedur¢
which is expleined'in another chart. .The npmber of the chart is '
included in the cell label.. '

Using the’ procedural networks, we can classify the student errors
as either “set up” or "decimal placement” errors. Set up errors occur
when the student rewrites a horizontel addition (subtraction) problem as

a vertical addition (subtraction) problem. ‘Errors Such as "tight—
justification " "inside out Justificatfsn," ard "whole number errors”

o)

*
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AT ’ RECOGNIZE i
& PROBLEM
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<
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REWRITE IN VERTICAL FORMAT, : cby
ALIGN DECIMAL POINTS IN ADDENDS. | To Par DECIMAL PONT ¢ Wil
; RIGHT JUSTIFY WHOLE NUMBER PORTIONS, I Y
LEFT JUSTIFY DECIMAL PORTIONS, Wi =2 We ~H
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~' . ¢ ) - , y ’ [
. . 3 \ <. / ’. .
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FIGURE | | A Procedural Network for Adding Two Decimal Fractions . o
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TO SUBTRACT TWO DECIMALS " CHART 2
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i
. “ o ’ ) RECOGNIZE N
. PROBLEM SRR
: ) ‘ " TYPE .
* R 4 - ’ = )
.
» - -~
X3 ¢ R .
'Y [ i i [ [ 4
L wi-w We - WE, We =D D-D D-W . W=D D "W,
v . A
h €
r :
; - '
; n - 4 - . y -
: PLACE SUBTRAHEND UNDER MINUENG WRITE DECIMAL POINT
“ ‘ " ALIGN DECIMAL POINTS. - TORRHT o oL
‘ ”1 RIGHT JUSTIFY WHOLE NUMBER PORTIONS. | NUMBER " vt et
LEFT JUSTIFY DECIMAL PORTIONS, : - W= We

e

2 rrar

U % ‘ .
. AT JUSTIFY MINUEND HAVE " | suppLY ZEROS SO THAT
§ 'MINUEND AND = FEWER PLACES TO | DECIMAL PORTIONS OF *
SUBTRAHEND. |’ RIGHT OF DECIMAL THAN MINUEND AND SUBTRAH-
SUBTRAHEND _~ »| END ARE SAME LENGTH. :
. A ,
~ d & . kd
‘ - RIGHT JUSTIFY WHOLE '
L . - NUMBER PORTIONS OF [«
# - ’ / MINUEND AND SUBTRAHEND.
iE ot e » ) . b
5 ” 4 :
- -~ ,

. ) ’ \‘ ‘ f ’ $‘§ - -

BRING DOWN SUBTRACT COLUMN> ¥

_ DECIMAL: POINT. (CHART 4) )
a y y ’ $

SUBTRACT COLUMN. BRING DOWN o

; . (CHART 4) - DECIMAL POINT. |'

L TR ) ARE THERE

ST =~ EMPTY SPACES BETWEEN SUPPLY ZEROS

.. DECIMAL POINT AND NUMERALS, YES TO EMPTY

: i TO THE RIGHT OF THE COLUMN SPACES.

. \\ - . - DECIMAL POINT '

v ~

- FIGURE 2 : A Procedural Network for Subtracting Two Decimal Fractions. .
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/%hll into this category. Decimal placemeut errors occur in placing the
decimal in the sum. Errors such as "carry errors,” or "multiplication
rule belong to this category . )

" One of the’ purposes of this study was to investigate the
",relationship betweenﬁproblem type atttibutes and the incideuce of
certain procedural errors. For example, do leading zeros in addends

diminish the incidence of "carrv errors?”

Levels of Competencx‘.‘: ’ ) - . -

Computation withﬂdecimals can be representﬁd ~{n q%skills hierarchy

for adding‘%hubtracti%g) decimals. Using a skills hierarchy, several

levels of competency~2?eded <0 sdlve addition and subtraction problems

can be identified. - Eas )

Ve

Level 0.~ The,studeut understands the relationship between whole

.

numbers and decimal fractions. The general concept of decimals is
understood.' . \

Level I. The student is able to add (subtract) numbers with
explicit decimals with the same’ number of digits to ragﬂi of the dec1ma1
point. '

Level II. The student is able to add (subtract) numbers with
explicit decimals with different numbers of digits to right of decimal
point. ?;giure at* this level may be aue to incorrect aligpment of
addends due to different lengths.

Level III. The student is able to add (subtract) numbers with
Qnﬂikit decimals. Failure at this level -may be due to incorrect
alignment of addends due to unwritten decimals. " )

Level IV. The student is able to add (subtract) numbers involving
carrying (borrowing) to (from).the whoie number portion of the addend
(minuend).

. |
Level V. The student‘ﬁs able to add (subtract) involving sevegal

problem types. ]
Level O mastery iudicates conceptual understanding of deciSals. Levels
I - V can be achieved by adhering to a "recipe” or procedure for solving
the particular problem. It is likely that students can "master” levels
I -V without a clear understanding of level 0. Our tests were
designed to test mastery of the procedural skills (levels I - V).
Mastery of level 0 was to be determined through interviews with

individual students.




Procedures of Item Construction

A common error in adding two fractions is a “"carry error" in which
the sfudent does not carry a sum "across the decimal point." For .
example, for the item .8 + .6 the student might write .14 as the answer.
There are two possible explanations for this error: the “carry error"

or, the placing the decimal point according to the rule for

'/\\multiplication. To determine which rule is being used a secﬁnd item

such as .82 + .73, is needed. If the student answers .155 (carry error)
or .0155 (multiplicatfon rule) the rule is diagnosed. It may be,
however, the student applies a particular rule only in certain problens.
For example, the student may not use the “"carry error" if tnere is a
non-zero whole number digit in either addend.

One_yay to approach itepjzsgzrruction to help identify possible

contexts in which errors always (or\never) occur is to construct a tabie

v

indicating item characteristic by rélative level of skill required

to correctly answer the item. Such a table for addition is shown in
Table 3. . L. ' -\

® . Insert Table 3 about here -

Problem types can be identified from a c;;Z;;:\Homa relative

skills matrix. characteristic table. Particular ftems can be

constructed go match the combinations selected. For example, an item
such as .63 + 0.4 would reflect the fokijwing combinationS'

l. Problgm form - \ Horizontal .
2. Numﬁéz of digits r;gﬁt of d.p. ) Different

» 3. Decimal point Explicit )
4, . Carry across zero ) e Yes \\
5,. Leading zero in addend Yes (one)
6. - Embedded zeros in angwer - Yes 5
7. Number of decimal places Different

A\
It should be noted that not all item characteristic selections are
independent. For examgle "implicit decimal” indicatés one addend is a

whoie number. As a result, “"number of digits to right of dp" must be

. )
different,<and "nuuber of decimal placeg in answer" must be equal to sum

of decimal places in the 'addends. This is not to say, however, that
. - .

L .
10

~ _ 15

-2




Table 3:

'ITEM CHARACTERISTIC *

Problem Form

F: ormat

Number digits
right of d.p.

in -addends
Decimal notation

Compl exi ty

Carry across
decimal point

2

Leading zeros

‘Answerr Form

Number of decimal
‘places in ai=wer
c/w Sum of:pleow
1n addends

O .
. ERIC s

IToxt Provided by ERI

¢

-

Characteristics of the Content Domain by Projected
Di fficulties in Decimal Fraction Addition Probl ems

RELATIVE SKILL LEVEL REGUIRED

]

EASY . MODERATE DIFFICAT
Vértical : Horizontal
A Equal Di fferent Di fferent
(and equal (and unequal. (and equal
addend ] engths) addend |l engths) adflend lengths
Explicit Implicit
i ’ ;
"No Yes
Yes ‘\ ' No
None  (few) - Some (marw)
’ a{m Di fferent
16
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- gtudent bugsirelated to these categorieé are not possible. To
illustrate, the item 7 + .4 might be ‘Interpreted as:

-

54 ‘ 04 . l .4 < .4 "?th
A 7 S .7
. 1.1 L1 .11 .11
possible whole ) mult. ‘rule carry ' carry’
errors number . <4whole number right just. mult. rule K g
right -just. whole number whole number

EFinally, to reduce the number of problems to test likely stuaent bugs;

we did not construct items for' two categories: problem form "vertical".

and whole number "explicit decimal.” : . .
" This table can be used.to'predict item "difficulty” which ¢4n be ’ >

tested experimentally. Table 4 shows the'analysis for the first 12

addition problems (the second 12 are parallel items).

»

Insert Table 4 about here

Based on this analysig, items with characteristics matching "easy"
should, in fact, be answered corfectly more often than items with

characteristics matching "difficult.” One would prediet the followipng s

dominances: 'yﬁ i N
- . 1,2 € 7,8;9;11 ’
‘ 4< 7,11
3 9<8
10 < 5,6,8,12 ,

b
&

7
If there is an interaction between certain characteristic€, such as

"carry” and "leading zeros" tq?n one would predict the following

dominégres:
1,

If one were to give equal weights to the independent
characteristics "digits", "notation”, and "embed", and weigh "cérry"
'when "leading Zeros" would influence its application, one would predict

the following relative item difficulties for addition:

1,2,3,4 easiest

10 easy d
6,7,9,11 difficult

5,8,12 most difficult !

v

A similar technique is used for subtracpion problems. The item

12 R
Q . 1 F
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; Table 4%
. Judged Ratlng for SKILL x ITEM CHHRHCTERISTIC Interaction .
N . LT ﬁddltlon Test -
/
L Item racteristic B .
Digits - Decimal VCarry Lead Embed Answer
"o . Tt.2df notation across Zero answer .decimal h
: d.p.. = - d.p. . " zero _ places =
PR /.Item /) (note 1,2) (note 3) (note 4) (note 5) (note 6) :
; . . t ] ek
. - - . - i :
‘ .24+ .61 E . E . E D E D '
.36 + .45 Ei « ™ E E D E D~
14.3+ 2.4 E E- E - " E D~
¥8.53 + .81 E E D E E D
4.22+ 3 M D E - E E e
“B47 + Bf31 H E . E ‘M E D
.=~ .54/+7.83 E E « D D E D .
_— .B32 + .86 M E E . D D D "
' B35+ .862] E E E D D D
3.24+ 6.5 M’ E E - I D
.6+.8 E E D D E D
6+4.13 M D E - E E .
) note: right justificaflon error

inside-outside Justification
whole number

Carry across zero

missing zero

mul tipl ication rule

OVl AW N -
é ¢ ¢ ¢ I ¢
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‘:;’\ ’ “ hd .
£ gz‘chatacteristic X skill table “shown in table 5. . The table showing the
. .analysis for the first 12 (of 24) subtractjon problems is presented in
5 table 6. s
%' " . Insert Table: 5 abouﬁ"here -
i
) Insert Table 6 about here . N
- & -
o ]

Using the analysis in taBde 6, one would preaict the following

‘dominances: '
- /, ’ .
6,8, 3¢9
: , '
% JIf one were to give equal weights to ‘the'.independent
: cQazéE£S££iFics "digits”, "notation”, "multiple borrows", "borrow across
5 J,.) - zero”, and "fractional part of subtrahend greater than v.éra :ional part '
- ,;/ of mihuend," one would predict the following relative item difficulties

: . ) F
: in subtraction: . .
5 easiest .
. _ 6,8,10,2 easy
: . . 1,7,11,12 neutral
3 . 3,9 difficult .
most difficult’ ,

y:

-~

E , and 4.

Test Results

% items on the adiition pre~ and posttests are illustrated in figures 3

. a

The pre=~ and posttests for addition and subtraction were analyzed

N

e s L T
to determine itent dominance using techniques discussed in detail in

Tatsuoka and Tatsuoka (1951). The dominance reiatidnships among all

*

A}

Insert Figure 3 about here

|

1

Insert Bdigure 4 about here

R

14

These figures indicate that problems with little inherent

Y

19 '
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Problem Form

28, .

P74

3

.%"For‘iiat
:?
s"““ Number dlglts
¢ right of d.p.

K #0D crw #(S)
Dec1mal. notatlon

Conplexxty

;. + Borrow across
decimal éeiﬁt

Trailing zeros

Answer Form

Embedded Zeros

Number of decimal
places in answer
c/w sum of places
'in Min. and Subt.

Q

Di ffxc:ultles In

’

AY

Table 5: Charactemstxcs of the Content Domain by Projected
cxmal Subtraction Problems

Va-:mnw SKILL usm. stmso ~
- 7
EASY mt;mn»: DIFFICLT
) /

Vertical Horizontal
0D =4S 0D >R(S). . 20D < (S
Explicit ' * Implicit
“N> . Yes

(no borrows)

Yes

(and *(1) )%(S))

None (few)

~  Equal

(few borrows)

4 Yes
(and # (H) <¥(9))

i
:
£

- .

(mary borrows)

NO '

(and *# (M) <#*(9)
Some (mary)

Di fferent




o . \ " Tabl;: 6 ’/}/ :
| , J’u&ed Ratlm for SKILL x ITEH CHARACTERISTIC Interactlon\m
~ ) Subtract ion Test

~

@“ Item Characteri st,l c

Diglts Demmal Borrow Borrow Drglts in Subt.
_“‘ rt. of notation across over 2 less than
; d.p. " "dip. _ digits number in Min.
&é item (nt. 1,2) (note 3) (note. 4) - " (notes 5,6)
A - .- ' '

, 14.25-3.4 D E D E E {
' C o 1.4-.8 E E D . E E °
6.4-3.235 D E E ) D

\ 6- -3. 8 D D D E . D
: .535-.514 E E E E E
. - .4568.31 D E E E . E
: 7 6.35-3.248 D S E E D
- .576-.23 D E- . E E CE
P 28.894-8.83 | D E D D E
.631-.3188 D E E E ‘' E
8.7-5 " D D E E ¢ " E
4.982-.881 E E D D 13
<
y S
note: 1 + right justification
K 2 +» iInside-outside justification ¢
3 + whole number placement |
4 -+ borrow across zZero
; S + minuend subtrahend exchange
' 6 »+ recopy subtrahend digits
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N

5 .

3

A

g

¥

FIGURE 3. A Directed Groph of Addition Pre-Test
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“the former items at the beginning-of chains and the loc

N
\

difficulty associated with "set-up” (e.g, same number of digits to right
of decimal point) are easier for students while probiemé involving

L
W .
multiple difficulties are harder. This is indicated by the presence of

(3

ation of.the

latter type'at the end of the chains. -
) !

L3
12N

The directed graphs are constructed frow chains (sequences) of
items that demonstrate a dominance relationship. Specifically, the

sequences for the addition pretest include: .

5>12> 0 /k

5°>9%(or 1)
112117577597 ¢
. 24 >97(or 17)
" 127 >9-
- 6>87>9>9° . B
’ >2>9°
>3
6”>8°>10">9-
7>9%(or 37)
77>9%(or 17) ) '
10>10° >9° | .
2859>9°
. %" >97(or 17) .
i>1”
9>9° : ¢ : ‘
' 2>9°
The relationslrdps of particular iﬁterest are those involving items
for which predictions of dominance were wade based on the content aomain
relative skill table (page 13){" Support for a priori predictions were ‘
A

.

found for several of the items:

' - 2>9° (but not 1,2>9)
;O 4>11,11° (but not 4 >7)
‘ 9->8,8”
9>8

10,107 >87 > 6" (but not 10> 5,12)
|

S{,'. The relationships appear to be stronger for the items in the second
Yzl of the test (items are parallel to those in the first half). This
may indicate that students tried several different.strategies initially
and only applied a strategy consiﬁstently arter several items had been
-answered. »

¢ The prediction of relative item difficulty was supported by the

statistical analysis:

4




IR T T . = ¥ s . Spioine )
[ . . s b .
- . t- o Sof
- \ // . -
prediction PR actuad
1,2,3,4 (easiect) 1 2,3, ,9
710 (easy): : :
6,7,9,11  _  (difffeult) 6 zfs 10
5,8,12° (most -difficult) 2311 y12 e
. =5 é '

& ’ ? The only item badly located by thé,peedicqion was item 9 cplch wias  » ‘

easier than predicted. This nay indigate»chat the category embedded
- . ) zero” may not be a common difficulty- and, as a result, way not need
' equal weight with other. categories in pr)dicting item difficu’ty.

The posttest prediction and actua. results are similar:
~ A;’

prediction : actual '
,2,3,4 (easiest) 1,2,34,9
_ . 10 (easy¥s; | s '
~J N 6,7,,9,11~ (diff{-cut) 6,8,10
. 5,8,12 (most‘difficult) 5,11,12 '

The d1rected graph fer the second set of ifems on the subtractio
pre test is shown in Figure 5. The sequences of items whiclt were used
to generate this graph inciude \

7' )’3" >107° > 5'

e{. >267>8"
9.'>6’>8’ ] .
‘ 12785 ) 3 .
47> 117 : .
5’) 1” ) ’ e

*

) where the prime notatiop indicater <he item is from the second half of’

the test and tellg its: item parallel.

~
-

Insert Figure 5 about here

The chalag of‘particular inierest «'e those involving “items in .the

a priori predictions (see page 16). There is support for most of the
predictions. = Specifically, )

512 (but not 5<2)
11<4 ¥
- 6,8,10<7<3 (but not 7<3<9)
y. .. (- 6,8¢9 . .
1K (but not 1<9)
: — (and not 12<9)

1
- ' Host of the predictions Whicn were not supported involved item 9

(20.004 - 0.0s) which was predfeted to be relatively difficult, but was,
in fact, only moderately difficult.

20 e \¥
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O wuorgL NUMBER ok
% DIGITS RIGHT OF DECIMAL NOV EQUAL ‘ / . .

N MORE DIGITS IN SUBTRAHEND THAN MINUEND ' °
¥ ALL CATEGORIES ABOVE g '

Mg I

X &

S

FIGURE § : A Directed Graph of Subtraction Pre- Test
(second set of items: 13 - 24) -




rediction , actual , . ¢

X e Y

J P
e ) 5 (easiest) "5
N 2;6,8,10 (easy) 2,6,8,10,11
e 1,7,11,12 (moderate 1,932
: 3,9 (difficult) 3.7
; 4 (most difficalt) 4 ‘

Posttest results reflect these same .relative item diffiéurty ratings. 4

“

cunstruction of error diaggostic tests (Tatsupka and Tatsuoka, 1981b)
which can be used to descfibe specific missonceptions involved in
addition and subtractioy of decimai fractions. The IRS.analysis was
compared with predi isns of item dominance and relative item &ifficulty
iwhich were based gn a content—domain relative skills analysis.

Projected studezf gifficuLties, identified with itsm characteristics
pertinent to defimal fraction arithmetic.such as’"leading zeros in
addends” or "implicit decimals in whole number subtrahends,” suggested N
several item dominances. For example, students who

could answer should be able tc answer

.032 + .06 .035 ¥ _.002 .,

~.+54 + .83 ) 0.53 + 0.81 .
6 + .8 ‘ 0.53 + 0.81 . . P !
047 + 0.31 > .035 + .062

The IRS analysis supports our item construction procedures in that
it confirms the «relative skills analysis of severalczmporxant item
charactersits including: digits ;o right of decing} point, decimal
notation, car:, across zero interacting with leading zeros (@ddition),
number of digits to right of decimal point in subtrahend compared with -
number in minuend (subtraction). The IRS analysis did, however,
indicate one”characteristic that was notlas important as predicted:

zeros embﬁgded in sum (difference) between decimal point and first non-

zero digii to right of decimal point. There were also somé questions
raised about some item characteristic interactions and the construction
of parallel items. . ’

There ara two very critical questions which relate directly to this
research. First, there remains an important question of how to use
spésific description of errors in designing effective and efficient

remedial instruction. Second, to be practical, we must he able to

22 e

' L »e.
3 - .
* Vewx 1 EF T - 2w . . B -




£
-

3 LR ALY

e

design our psychometric models so that'they are easily and correctly
used and'inqerpreted by classroom instructors.

The domain of decimal addition and subtraction is an attractive one
to begin‘the development of classroom based error-didgnostic utilities
since it is a managable size for initial'efforts. It also offers an

‘opportunity to examine effective remediation dirscted at the conceptual

- ; ’
level and remediation directed at the procedural leval.

1
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Addition and Subtraction Test
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ﬂ_E(IIIIﬂL'ﬂ[lﬂITIﬂN' TEST (PRE and POST)

~ W .Y
sereds Fahannn o Uik b,

1) 244 .61 = .85 1) 42 ¢ .16 =..58
2) .36+ .45 = .81 | ) .15 4.2 = .41
3) 19.3 + 2.4 = 16.7 ¥) 124+ 3.2515.6
4) 057+ 0.81.= 1.3 . T4 0.64 #6.72 = 1.3
§) 432 +3 =173 §*) 5.41+2=7.41
B 00302357 6°) .036 + 0.51 = .54
N ST ) MseR=1R
8) -.032 ¢ .06 = .092 8°) 041+ .05=.091
9) 035 +.062=.097 . ©  9) .016+.023=.09
100 3.24 + 6.5 = 9. | 10°) 2.34+ 7.6 =9.94
11) .6 +.8=1.4 | 11°) .7+.9=1.6
-12) 6 +4.13=10.13 S 127) 54324 -8.2Y
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DECINAL SUBTRACTION JTEST CPRE and POST) -

19.25 - 3.4 = 10,65

1.4 -.8=.6

6.4 - 3.235(= 3.1865
6-38=202
.035 -.014 = .021
456 - 0.31 = .146
6.35 - 3.248 ='3.102
576 - .23 = .36

\

20.00Y4 - 0.03 =.19.974 -

.631.- 23100 = .321
8.7-5=3.7
4.002 - .081 = 3.921

~

\ .
o«

1) 23.36.-2.4 = 20.96

V) LE- 9=
3") 5.7 - 2.528 = 3.1%2
W) 4-2.6 =18
57) 057 - .023 = 034
6°) 832 - 0.71 = .122
7°) 5.63 - 2.527 = 3.103
8°) .659-.3=.319
9°) 30.005 - 0.04 = 29.965.
16°) .72 - .4200 = .322,
11°) 9.6-5=Y4.6
12°) 5.003 - .072 = 4.931
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Appendix II
Projected Errors for Addition and
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Typical Errors in Addition.of Decimals .
. j
1. Right Justification: The student justifies the numbers along the

right hand side and does not align the decimal points. For exauple,
3 24 + 6.5 becomes:

! 3.2 4
_6.5
89

389 (without decimal point)

The decimal pa?dffggy be piaced corresponding to either adderd or, in
rare cases, in)both positions. Occasionally the gtudent will omit the

decimal point. Students may also use the "multiplication rule” for

_ placing the decimal poiut. *

2. Left Justificatiog: Similar to right justification with the
difference in’ angni‘:g\&tb numbers along the left hand side.
For example, 3.24 + 6.5 becomes:

3.2 4
6 5
74

I I

Placement of the decimal point is described in 1 (above).
]

3. Inside~out justification: Students may use right justification for
the whole number portion and right justification for the decimal
portion. For example, 3.24 + 6.5 becomes:

3.2 4

6. 5

9.2 9
The decimal point in ‘the answer is usually correctly aligned (relative
to the whole number).
4. Whole number error: If the whole number does not have an explicit
decimal point, students might write the decimal point to the left of the

whole number. For example, 3 + 6.58 becomes:

6.5 8
o3
6.8 8
Occesionally the whole number is right justified with the decimal
portioﬁ of the other addend (see #1). 1In this case, the decimal point
of the answer usually corresponds to the explicit decimal point of the

addend. For example, 3 + 6.58 becones:
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5. The carry error: If the sum of the tenths aigits involves a carry

to the ones position, the answer is written as hundreds ins?ead.

. 6 « 45
- -9
<14 13 7

This error usually occurs only if there are no digits (zero or non—-zero)-

written to the left of either decimal point.

correct © correct incorrect
0.6 0.6 « b
0.8 . 8 . 8
1.4 1.% .14

6. The lost éero: Zzeros written between the decimal point and the

first non-zero digit to the right of the decimal point are omitted.

' .035
027%
. 62

7. Multiplication rule: The student placés the decimal point in the
answer by fo%lowing the rule for multiplication. That is, the

gtudent adds' the number'of decimal places in the addends. For example,’
«35 + .86 becomes: \

.35 S
+86
.0121

>

8. Multiple decimal points: Student will include uwore than one decimal polnt.
This usually occurs when the student does not align the problem correctly
and has more than one column with an explicit decimal point.

9. Missing decimal point: Student omits a hecessary decimal point. -

Typical Errors in Subtraction:of Decimals

1. Right Justification: Similiar to right justification in addition.

2. Left Justification: Similar to left justification in addition.

3. 1Inside-out justification: Similiar to additon.'

4.‘ Whole number error: Similiar to addition.

5. The borrow error: Typical difficulty encountered in whole number
subtraction. Another difficulty is encountered in decimal subtraction

-

30
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in that some studernts occasionally have difficulty borrowing across the

decinal point often neglecting to adjust “the whole number portion of the
. . b

M

decinal.

6. The lost zero: Similiar to addition.

7. Multiplication rule: Similiar to addition.
8. Longer number error: The student assumes that the lenger number is
the larger and, as a result, it is written as the minuend. This often
results in serious borrowing problems unleés the, student also right
justifies the numbers.

6.35 - 3.2 6.35 - 3.248
6.3 5 3.2 &4 8
3.2 * 6.3 5
3,15 261, 3
(without decimal poin.)

9. Recopying some digits from subtrahend: If the minuend has
fewer digits to the right of the decimal than the subtrahend,
some students will merely recopy some of the subtrahena digits

without subtracting.

This may be a carry over éfom addition in that the student may

think that there is "noth Lg to do.”

10. Multiple decimal pointq. Student will include wore than one decimal point.
This usually occurs when the student does not align the problem correctly

and has more than one column with an explicit decimal point.

11. Missing decimal point: Student omits a necessary decimal point.
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Procedural Network Charts

Rk




e

PR RIECZIEEN

S an

ADD COLUMN ENTRIES
(INCLUDING "CARRIES ")
" CARRYING "TO NEXT
COLUMN F NECESSARY.

-~
\
CHART 3
{
] DOES
COLUMN HAVE
EXACTLY ONE
NON - EMPTY
~ SPACE
.
Agngs:T COPY COLUMN ENTRY
coLumn TO ANSWER COLUMN.

“

~

RETURN

(CHART 1)

FIGURE 6 . A Flowchart to Add Columns of Numbers




CHART 4

DOES
COLUMN HAVE DOES
EMPTY SPACE IN COLUMN HAVE COPY MINUEND ENTRY
l MINUEND FOR EMPTY SPACE IN N ANSWER COLUMM
NON-EMPTY SUBTRAHEND N ANSW i

. SUBTRACT.
RETURN Te () BORROW IF NECESSAR
(CHART 2) REWRITING MINUEN
] IN. COLUMN. TO LEF

NO

RETURN

| (CHART 2)
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